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We present two complete maximally hyperentangled state analysis protocols for photons entan-
gled in the polarization and spatial-mode degrees of freedom. The first protocol is a hyperentangled
Bell state analysis scheme for two photons and the second is a hyperentangled Greenberger-Horne-
Zeilinger (GHZ) state analysis scheme for three photons. In each scheme, a set of mutually or-
thogonal hyperentangled basis states are completely and deterministically discriminated with the
aid of cross-Kerr nonlinearities and linear optics. We also generalize the schemes to unambiguously
analyze the N-photon hyperentangled GHZ state. Compared with previous protocols, our schemes
greatly simplify the discrimination process and reduce the requirements on nonlinearities by using
the measured spatial-mode state to assist in the analysis of the polarization state. These advan-
tages make our schemes useful for practical applications in long-distance high capacity quantum
communication.
PACS numbers: 03.67.Hk, 03.67.Dd, 03.65. Ud
I. INTRODUCTION
Quantum entanglement plays a crucial role in quantum
information processing. It is a key resource for quantum
communication tasks such as quantum key distribution
[1, 2], dense coding [3, 4], teleportation [5], secret shar-
ing [6–8], quantum secure direct communication [9–11]
and others. Among the many different types of entangled
states, the Bell states for two qubits and the Greenberger-
Horne-Zeilinger (GHZ) states for three or more qubits are
the most popular resources in quantum information pro-
cessing. These states have two terms in their simplest
form and are maximally entangled bases for the Hilbert
space. The analysis of Bell states and GHZ states not
only has fundamental significance in quantum informa-
tion theory but is also of practical use in quantum infor-
mation processing. The number of these basis states that
can be distinguished usually determines the capacity of
quantum communication schemes. Thus much effort has
been made in the past to perform state analysis, with
complete discrimination being the ultimate goal. Gen-
erally speaking, Bell states and GHZ states can be de-
scribed by two kinds of information: bit information and
phase information. Bit information describes the pari-
ties between any two particles and the phase information
denotes the relative phase between the two terms. Un-
ambiguous state discrimination can be accomplished by
obtaining both kinds of information. In this paper, we
present efficient and practical schemes for complete, un-
ambiguous state discrimination of N-photon states that
are maximally entangled in both polarization and spatial-
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mode degrees of freedom. Our schemes take advantage
of information about the spatial-mode state to efficiently
analyze the polarization state of the photons, thus sig-
nificantly improving on past protocols.
Although a set of mutually orthogonal basis states
can in theory be completely discriminated, complete Bell
state analysis (BSA) and GHZ state analysis (GSA) of
photons cannot be realized by linear optics alone, without
resorting to ancillaries [12–15]. It has been shown that
the four Bell states for two photons can only be classi-
fied into three groups and the optimal success probability
of state analysis is 50% using only linear optics. How-
ever, the success probability can be improved by several
means, for example, the use of auxiliary entanglement
in another degree of freedom (DOF)[16–20], via assistant
states [21, 22] and through a nonlinear interaction such
as the cross-Kerr nonlinearity [23].
Whereas traditional entanglement involves particles
that are only entangled in one degree of freedom, hyper-
entanglement involves particles simultaneously entangled
in more than one degree of freedom, and has attracted
much attention in recent years. There are several DOFs
of a photon such as polarization, spatial mode, time-bin,
frequency, etc, that can be used to construct hyperentan-
gled states. Hyperentanglement has the appealing fea-
ture that each photon carries information in two or more
DOFs and the DOFs can be manipulated independently.
This can improve both the security and the channel ca-
pacity of quantum communications [24]. Recently, ex-
perimental preparation of hyperentanglement has been
reported [25–27]. Hyperentanglement has many applica-
tions in quantum information processing, such as com-
plete Bell-state analysis [16–20], hyper-parallel quantum
computing [28, 29], deterministic entanglement purifica-
tion protocols [30–33] and quantum repeaters [34]. There
has also been interesting recent progress in hyperentan-
glement concentration and hyperentanglement purifica-
tion [35–43].
2To date, the most popular hyperentangled states of
photons are those entangled in polarization and spatial-
mode DOFs, since the manipulation techniques for these
two DOFs is mature. In high-capacity quantum commu-
nication schemes that utilize hyperentangled channels,
hyperentangled Bell state analysis (HBSA) and hyper-
entangled GHZ state analysis (HGSA) are key steps re-
quired to read the information. Hyperentangled state
discrimination needs to confirm the bit and phase infor-
mation for both DOFs, which is more challenging than
traditional entangled state analysis. Considering both
DOFs together, there are 16 hyperentangled Bell states
in total for two photons. It has been shown that these 16
states can be classified into only 7 groups via linear op-
tics [44, 45] and thus cannot be completely distinguished.
In 2010, Sheng et al. proposed the first complete HBSA
scheme using the cross-Kerr nonlinearity [46]. In their
scheme, three quantum nondemolition detectors (QNDs)
constructed using cross-Kerr nonlinearities are used to
read out the bit and phase information of the spatial-
mode state and the bit information of the polarization
state respectively. Then the phase information of the
polarization DOF is obtained by measurement in the di-
agonal basis of the polarization state. With these 4 bits of
information, 16 polarization-momentum hyperentangled
Bell states can be unambiguously discriminated. Later,
Xia et al. presented an efficient HGSA protocol using a
similar principle [47]. In these two schemes, the spatial-
mode state is analyzed in the first step. Although the
QNDs preserve the photons , the coherence of the spatial-
mode state is destroyed. If preserved, it can be useful
for the discrimination of the polarization state. Unlike
complete BSA and GSA schemes which resort to several
auxiliary tools such as additional entanglement, ancil-
lary states or nonlinear interactions, the main resource
for complete HBSA and HGSA is the nonlinearity. Com-
plete HBSA schemes were also realized with the help of
quantum-dot spins in optical microcavities and nitrogen-
vacancy centers in resonators [48–50]. Recently, Liu et
al. proposed a complete nondestructive analysis of the
two-photon six-qubit hyperentangled Bell states assisted
by cross-Kerr nonlinearity, in which the photons are en-
tangled simultaneously in the polarization and two lon-
gitudinal momentum DOFs [51].
In this paper we first present a simplified complete
HBSA scheme which deterministically distinguishes 16
hyperentangled Bell states of two photons. The bit and
phase information of the spatial-mode state is read by
two QNDs constructed with the cross-Kerr nonlinear-
ity [52]. The key point is that neither the photons nor
the spatial-mode state will be destroyed by the QNDs.
With the help of the preserved spatial-mode entangle-
ment, the bit and phase information of the polariza-
tion state can be deduced simultaneously by two single-
photon Bell state measurements (SPBSMs). We then
describe a complete HGSA protocol for the three-photon
hyperentangled GHZ state, in which three assistant co-
herent states and three SPBSMs are required. With
our scheme, 64 three-photon hyperentangled GHZ states
can be unambiguously discriminated. By maintaining
the spatial-mode coherence in the first step and using it
to assist in the discrimination of polarization states, our
schemes greatly simplify the process and significantly re-
duce the required nonlinearities compared with previous
protocols. We also generalize the scheme to a complete
and deterministic analysis of N -photon hyperentangled
GHZ states. A detailed discussion and summary is pro-
vided in the last section.
II. COMPLETE HYPERENTANGLED BELL
STATE ANALYSIS
The two-photon hyperentangled Bell state can be writ-
ten as
|Υ〉AB = |ΘP 〉AB ⊗ |ΞS〉AB. (1)
Here A and B denote the two photons and the subscripts
P and S represent the polarization and spatial-mode
DOF, respectively. |ΘP 〉AB can be one of the following
four Bell states in the polarization DOF,
|Φ±〉P = 1√
2
(|HH〉 ± |V V 〉)AB , (2)
|Ψ±〉P = 1√
2
(|HV 〉 ± |V H〉)AB. (3)
|H〉 and |V 〉 indicate the horizontal and the vertical po-
larizations, respectively. The spatial-mode state |ΞS〉AB
is one of the four Bell states in the spatial modes
|Φ±〉S = 1√
2
(|a1b1〉 ± |a2b2〉)AB , (4)
|Ψ±〉S = 1√
2
(|a1b2〉 ± |a2b1〉)AB . (5)
Here a1(b1) and a2(b2) are the two possible spatial modes
of photon A(B). Taking into account the two DOFs to-
gether, there are 16 hyperentangled Bell states and our
task is to distinguish them completely.
Before we describe our scheme, we introduce the basic
principle of the cross-Kerr nonlinearities which play a
central role in our spatial-mode state discrimination. The
Hamiltonian describing the interaction between a signal
state |ψ〉s and a probe coherent state |α〉p in the nonlinear
medium can be written as
H = h¯χa†sasa
†
pap. (6)
Here a†s(a
†
p) and as(ap) are the creation and annihilation
operations for the signal (probe) state, respectively. χ
is the coupling strength of the nonlinearity and depends
on the material. After the interaction with the signal
state in the medium, the coherent state picks up a phase
shift which is proportional to the photon number N of
the signal state,
|α〉p → |αeiNθ〉. (7)
3Here θ = χt and t is the interaction time. By measur-
ing the phase shift via the X-quadrature measurement,
the number of photons can be read out without destroy-
ing the photons. We can choose X-quadrature measure-
ments that do not distinguish phase shifts differing in
sign “±”. This feature preserves the coherence of photons
with respect to each other as well as the photons them-
selves. The cross-Kerr nonlinearity has been widely used
to construct quantum nondemolition detectors (QNDs)
for quantum information processing in the past decade
[23, 30, 41, 46, 47, 52, 53]. In our scheme, it is used in
two QNDs which read the bit and phase information of
the spatial-mode state.
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FIG. 1: Schematic diagram of our complete HBSA protocol.
The four cross-Kerr nonlinear interactions produce a phase
shift of ±θ on the coherent states |α1〉 and |α2〉 if photons
are in corresponding spatial modes. The beam splitters (BSs)
guide the photons from each input port to these two output
ports with equal probabilities. The polarizing beam splitters
(PBSs) at 0◦ transmit horizontal polarized states while re-
flecting vertical polarized states. The PBSs at 45◦ transmit
|+〉 = 1√
2
(|H〉 + |V 〉), and reflect |−〉 = 1√
2
(|H〉 − |V 〉). The
dashed rectangle represents a single-photon Bell state mea-
surement (SPBSM), which discriminates four single-photon
Bell states completely. With the homodyne measurements on
the two coherent states and two SPBSMs, 16 hyperentangled
Bell states can be completely distinguished.
The setup of our proposed HBSA protocol is shown in
Fig.1. The process consists of two steps: discrimination
of the spatial-mode Bell states via the cross-Kerr non-
linearity, followed by discrimination of polarization Bell
states assisted by the spatial-mode entanglement. We
now introduce the process step by step.
After the photons in a1 and b1 interact with the coher-
ent state |α1〉, the state of the collective system evolves
as
|Φ±〉S |α1〉 = 1√
2
(|a1b1〉 ± |a2b2〉)|α1〉
→ 1√
2
(|a1b1〉 ± |a2b2〉)|α1〉 = |Φ±〉S |α1〉,(8)
|Ψ±〉S |α1〉 = 1√
2
(|a1b2〉 ± |a2b1〉)|α1〉
→ 1√
2
(|a1b2〉|α1eiθ〉 ± |a2b1〉|α1e−iθ〉)
= |Ψ±〉S |α1e±iθ〉. (9)
Here we omit the polarization DOF since it is invariant
during the evolution. Note that the final line in (9) fol-
lows from the fact that the X-quadrature measurement
on |α1〉 is set up to only distinguish the phase 0 from ±θ.
Hence, with this measurement, |Φ±〉S can be discrimi-
nated from |Ψ±〉S . In other words, the bit information
about the spatial-mode is obtained.
The two spatial modes of each photon are then mixed
at the beam splitters (BSs), which act as a Hadamard
operation on the spatial-mode DOF,
|x1〉 → 1√
2
(|x1〉+ |x2〉), (10)
|x2〉 → 1√
2
(|x1〉 − |x2〉). (11)
Here x denotes a or b. The effect of the two BSs is
to transform the input spatial-mode Bell states to dif-
ferent spatial-mode Bell states. In detail, |Φ+〉S and
|Ψ+〉S are invariant, while |Φ−〉S ⇀↽ |Ψ+〉S . The form
of the nonlinear interactions between the photons and
the second coherent state |α2〉 is similar to the first
one, which distinguishes the original |Φ+〉S(|Ψ+〉S) from
|Φ−〉S(|Ψ−〉S). This provides the phase information, and
hence the four spatial-mode Bell states are completely
discriminated. Meanwhile, the spatial-mode entangle-
ment is also changed. The relations between the original
spatial-mode Bell state, the new spatial-mode Bell state
and the phase shifts of the two coherent beams are shown
in Table. I.
TABLE I: Corresponding relations between the original state,
the new state after the BS’s in Fig 1, and the two phase shifts
of coherent states.
Original state New state |α1〉 |α2〉
|Φ+〉S |Φ
+〉S 0 0
|Φ−〉S |Ψ
+〉S 0 ±θ
|Ψ+〉S |Φ
−〉S ±θ 0
|Ψ−〉S |Ψ
−〉S ±θ ±θ
In the second step, two single-photon Bell state mea-
surements (SPBSMs) are performed on the two photons,
whose measurement outcomes will result in the complete
discrimination of four polarization Bell states. The four
4single-photon Bell states composed of the polarization
and spatial-mode DOFs are
|φ±〉X = 1√
2
(|Hx2〉 ± |V x1〉)X , (12)
|ψ±〉X = 1√
2
(|Hx1〉 ± |V x2〉)X . (13)
Here X(x) can be either A(a) or B(b). After the polar-
izing beam splitters (PBSs) at 0◦ (which transmit hori-
zontal states while reflecting vertical ones) and PBSs at
45◦ (which transmit |+〉 = 1√
2
(|H〉 + |V 〉) state and re-
flect |−〉 = 1√
2
(|H〉−|V 〉)), four single-photon Bell states
will trigger the four different detectors placed in the four
output ports, accordingly. Specifically, |φ±〉X goes to x±1
while |ψ±〉X goes to x±2 .
In this step, the spatial-mode state is known and pro-
vides important assistance in the analysis of the four po-
larization Bell states. For example, if the new spatial-
mode state after the first step is |Ψ−〉S , the four possible
corresponding hyperentangled states will result in differ-
ent combinations of SPBSMs as
|Φ±〉P ⊗ |Ψ−〉S = 1
2
(|ψ±〉A|φ−〉B + |ψ∓〉A|φ+〉B
−|φ±〉A|ψ−〉B − |φ∓〉A|ψ+〉B),(14)
|Ψ±〉P ⊗ |Ψ−〉S = 1
2
(|ψ−〉A|ψ±〉B − |ψ+〉A|ψ∓〉B
−|φ+〉A|φ∓〉B − |φ−〉A|φ±〉B).(15)
There are 16 possible measurement combinations, which
can be collected into four groups. Each group corre-
sponds to a specific polarization Bell state. Therefore, all
four possible polarization Bell states can be deterministi-
cally discriminated by identifying which group the mea-
surement outcomes belong to. If the spatial-mode state
is one of the other three Bell states, the four polarization
states can also be distinguished in the same way. The
detailed relations are shown in Table. II. For example,
if the two SPBSM results are |ψ−〉A and |φ+〉B, the new
state after the first step belongs to the last group. If the
first step determines that the spatial-mode state is |Φ+〉S ,
one can deduce that the polarization state is |Ψ−〉P .
TABLE II: Relations between the new state before the second
step in Fig. 1 and possible detections.
New states Possible detections
|Φ+〉P ⊗ |Φ
+〉S, |Φ
−〉P ⊗ |Φ
−〉S, |φ
+〉A|φ
+〉B , |φ
−〉A|φ
−〉B,
|Ψ+〉P ⊗ |Ψ
+〉S,|Ψ
−〉P ⊗ |Ψ
−〉S. |ψ
+〉A|ψ
+〉B , |ψ
−〉A|ψ
−〉B .
|Φ+〉P ⊗ |Ψ
+〉S, |Φ
−〉P ⊗ |Ψ
−〉S , |φ
+〉A|ψ
+〉B , |φ
−〉A|ψ
−〉B ,
|Ψ+〉P ⊗ |Φ
+〉S, |Ψ
−〉P ⊗ |Φ
−〉S . |ψ
+〉A|φ
+〉B , |ψ
−〉A|φ
−〉B .
|Φ+〉P ⊗ |Φ
−〉S , |Φ
−〉P ⊗ |Φ
+〉S, |φ
+〉A|φ
−〉B , |φ
−〉A|φ
+〉B,
|Ψ+〉P ⊗ |Ψ
−〉S , |Ψ
−〉P ⊗ |Ψ
+〉S . |ψ
+〉A|ψ
−〉B , |ψ
−〉A|ψ
+〉B .
|Φ+〉P ⊗ |Ψ
−〉S , |Φ
−〉P ⊗ |Ψ
+〉S , |φ
+〉A|ψ
−〉B , |φ
−〉A|ψ
+〉B ,
|Ψ+〉P ⊗ |Φ
−〉S , |Ψ
−〉P ⊗ |Φ
+〉S . |ψ
+〉A|φ
−〉B , |ψ
−〉A|φ
+〉B .
From the preceding analysis, the 16 hyperentangled
Bell states are completely discriminated with our two-
step scheme. The distinguishing of the polarization state
is aided by spatial-mode entanglement. We note that
although our scheme consists of two steps, there is no
need to pause the state analysis procedure midway. The
information about the spatial-mode state can be used to
deduce the polarization state after all the measurements
have been performed.
III. COMPLETE HYPERENTANGLED
GREENBERGER-HORNE-ZEILINGER STATE
ANALYSIS
In this section, we introduce the complete HGSA
scheme by describing the three-photon hyperentangled
GHZ state as an example first. Then we generalize the
scheme to analyze the N -photon hyperentangled GHZ
state.
Generally, the N -photon hyperentangled GHZ state in
both polarization and spatial-mode DOFs can be written
as
|Υ〉AB...Z = |ΘP 〉AB...Z ⊗ |ΞS〉AB...Z . (16)
Here A, B,...,Z denote the N photons. There are 2N
maximally entangled GHZ states in each DOF, which
can be written in a unified form as
|Ω±
ab...z
〉AB...Z = 1√
2
(|ab...z〉 ± |a¯b¯...z¯〉)AB...Z .(17)
Here ab...z ∈ {0, 1} refer to the bit information and x¯ =
1−x, (x = ab...z). For the polarization DOF, |0〉 ≡ |H〉,
|1〉 ≡ |V 〉. For the spatial-mode DOF, |0〉 ≡ |x1〉 and
|1〉 ≡ |x2〉 x = a, b, ...z. Since |Ω±ab...z〉 and |Ω±a¯b¯...z¯〉 only
differ by a nonessential global phase, we limit the number
of ”1”s in the subscript string “ab...z” of Ω to be no
larger than N/2 to ensure that there are 2N mutually
orthogonal entangled GHZ states in total. (When N is
even, we choose the subscript string with a lower binary
value.)
We discuss the N = 3 situation first. One of these 64
hyperentangled GHZ states for example is
|Ω+000〉P ⊗ |Ω+000〉S
=
1√
2
(|HHH〉+ |V V V 〉)⊗ 1√
2
(|a1b1c1〉+ |a2b2c2〉).
(18)
The set-up of our complete HGSA scheme for three-
photon states is shown in Fig.2. In this scheme, three
coherent states are employed to distinguish the eight
spatial-mode GHZ states. The first two are used to check
the parity between AB and AC, respectively, i.e., read
out the bit information. The third one is used to con-
firm the relative phase information “±”. If the number
of π phase shifts is odd, which results in a single over-
all π phase shift, the relative phase information of the
5spatial-mode state is “−”. Otherwise, an even number
of π shifts leads to zero phase shift, which indicates the
“+” relative phase information for the spatial-mode. For
example,
|Ω+000〉S |α3〉
→ 1
2
(|a1b1c1〉+ |a2b2c1〉+ |a2b1c2〉+ |a1b2c2〉)|α3〉,(19)
|Ω−000〉S |α3〉
→ 1
2
(|a2b2c2〉+ |a2b1c1〉+ |a1b2c1〉+ |a1b1c2〉)|α3eipi〉.
(20)
The relations between the original state and these
three measured phase shifts are shown in Table. III. Then
three BSs are used to manipulate the spatial-mode state
back to its initial status. In the second step, three SPB-
SMs are performed. Based on the SPBSM results and
the information about the spatial-mode state in step one,
the eight polarization GHZ states can be completely dis-
criminated and consequently the 64 hyperentangled GHZ
states can be distinguished.
FIG. 2: Schematic diagram of our complete HGSA protocol
for three-photon hyperentangled GHZ states. Three coherent
states are utilized to distinguish the spatial-mode GHZ states.
The circles represent nonlinear interactions and the phases
inside the circles are the phase shift of the coherent states.
SPBSM denotes a single-photon Bell state measurement as
shown in Fig.1, which can discriminate four single-photon Bell
states with certainty.
We denote ϕ to be the phase information of a state
ϕ|Ω±〉 ≡ ±, ϕ|φ±〉 ≡ ±, ϕ|ψ±〉 ≡ ±. (21)
We also define the bit information of single-photon Bell
states as
δ|ψ±〉 ≡ 1, δ|φ±〉 ≡ 0. (22)
TABLE III: Corresponding relations between the original
state and the three phase shifts of the coherent states in Fig.
2.
Original state |α1〉 |α2〉 |α3〉
|Φ+000〉S 0 0 0
|Φ−000〉S 0 0 pi
|Φ+001〉S 0 ±θ 0
|Φ−001〉S 0 ±θ pi
|Φ+010〉S ±θ 0 0
|Φ−010〉S ±θ 0 pi
|Φ+100〉S ±θ ±θ 0
|Φ−100〉S ±θ ±θ pi
The corresponding relations between the original hyper-
entangled GHZ state and the SPBSM results are
ϕP ⊗ ϕS = ϕA ⊗ ϕB ⊗ ϕC , (23)
xP ⊕ xS = δX .(x=a,b,c, X = A,B,C.) (24)
With these relations, the polarization state can be de-
duced. For example, if the three single-photon Bell
states are |ψ+〉A|ψ−〉B|φ+〉C and the spatial-mode state
is |Ω+010〉S , we have
ϕP = ϕA ⊗ ϕB ⊗ ϕC ⊗ ϕS = −, (25)
δAδBδC = 110, (26)
aP = δA ⊕ aS = 1, (27)
bP = δB ⊕ bS = 0, (28)
cP = δC ⊕ cS = 0. (29)
The answer is |Ω−100〉P and the original hyperentangled
GHZ state is |Ω−100〉P ⊗ |Ω+010〉S . Our scheme can dis-
tinguish the 64 hyperentangled GHZ states deterministi-
cally.
It is possible to generalize our scheme to analyze N -
photon hyperentangled GHZ states as shown in Fig.3.
Firstly, N−1 parity checks are performed on photon pairs
AB, AC,... AZ with the help of N−1 auxiliary coherent
states |αn〉(n = 1, 2, ...N − 1) to read the bit information
of the spatial-mode states. After X-quadrature measure-
ments on these N − 1 coherent states, 2N spatial-mode
GHZ states can be placed into 2N−1 groups, and the par-
ity information “aSbS ...zS” can be identified. Then af-
ter the effect of N BSs and interactions between photons
and a coherent state |αN 〉, the relative phase information
“±” of the states in each group can be further detected.
The polarization GHZ state can be deduced based on
the spatial-mode state information and N SPBSMs fol-
lowing a similar procedure as described in the preceding
three-photon HGSA scheme. Thus the 4N hyperentan-
gled GHZ states can be completely distinguished.
6 !" #
$ $  !"
%$# !
homodyne
b 
a 
b 
a 
 !
 !  "
 " ! N ! "
 !
z 
z 
! N ! " " "
 !" #
 !" #
" 
FIG. 3: Schematic diagram of our complete HGSA protocol
for N-photon hyperentangled GHZ states. N coherent states
are used to discriminate the spatial-mode states without de-
stroying the entanglement. Then N SPBSMs are used to mea-
sure the polarization state with the help of the information
about the spatial-mode state.
IV. DISCUSSION AND SUMMARY
This paper presents two complete hyperentangled state
analysis schemes and gives a general protocol for distin-
guishing N -photon dual hyperentanglement in polariza-
tion and spatial-mode states. Using our schemes, en-
tangled states in both DOFs can be unambiguously dis-
criminated. In our protocols, the spatial-mode states are
analyzed by QNDs constructed using cross-Kerr nonlin-
earities, which is a challenging task with current tech-
nology. However, although the natural cross-Kerr non-
linearities are weak and the Kerr phase shift is small at
the single-photon level, recent research shows promising
progress towards practical use of the effect in the near
future. The magnitude of θ ≈ 10−18 of the natural cross-
Kerr nonlinearities can be improved to magnitude∼ 10−2
by electromagnetically induced transparencies and other
means [23]. In 2003, Hofmann et al. showed that a phase
shift of π can be achieved with a single two-level atom in a
one-sided cavity [54]. In 2011, Feizpour et al showed that
an observable value amplified from a single-photon-level
cross-Kerr phase shift by using weak-value amplification
is possible [55]. Later, a device that can amplify the non-
linearity effect was also proposed to construct a two-qubit
parity gate with tiny cross-Kerr nonlinearity[56]. In 2013,
a giant cross-Kerr effect induced by an artificial atom was
reported in which average cross-Kerr phase shifts of up
to 20 degrees per photon with coherent microwave fields
at the single-photon level were demonstrated [57]. More-
over, Ref. [58] has shown that giant cross Kerr nonlinear-
ities of the probe and the signal pulses can be obtained
with nearly vanishing optical absorption, based on which
two-qubit quantum polarization phase gates can be con-
structed. In addition, to enhance the nonlinearities, im-
provement of the measurement on the coherent state can
also promote the feasibility of the nonlinearity. In 2010,
Wittmann et al showed the displacement-controlled pho-
ton number resolving detector surpassed the standard ho-
modyne detector [59]. It is fortunate that our complete
HBSA scheme only requires a small phase shift, and the
scheme will succeed as long as the small phase shift can
be distinguished from zero. For a weak cross-Kerr non-
linearity, a sufficiently large amplitude of the coherent
state that satisfies αθ2 >> 1 can make it possible to dis-
tinguish a small phase shift in the coherent state from
0 phase shift. In Ref.[23], the estimated value of α2 is
1.3× 104 provided that a cryogenic NV-diamond system
can generate a phase shift of more than 0.1 rad per sig-
nal photon. In 2009, the first experimental observation of
optical-fiber Kerr nonlinearity at the single-photon level
was demonstrated [60]. Most recently, an implementa-
tion of strong optical nonlinearity using electromagneti-
cally induced transparency was presented and a nonlinear
phase shift was measured [61]. All these studies indicate
that our HBSA scheme is feasible with current technol-
ogy. On the other hand, our complete HGSA protocol
requires nonlinearities that can generate a π phase shift.
Although it is not easy to realize with current technology,
it is necessary in our scheme for reading the phase infor-
mation of the spatial-mode state without destroying its
entanglement. In this paper, we have demonstrated the
principle by using the cross-Kerr nonlinearity as an ex-
ample. There are many other kinds of interaction which
can also provide feasible ways to realize the function we
need [62–66].
Hyperentanglement analysis plays an important role
in quantum information processing based on hyperentan-
gled states. Typical applications are hyperentanglement
swapping, hyperdense coding and teleportation via hy-
perentangled channels [46, 48, 50, 51]. Moreover it is
also useful in establishing quantum repeaters and high-
capacity quantum communication. Our schemes simplify
the analysis process and reduce the resources, which will
make these applications more feasible and economical.
In our protocols, the spatial-mode state is discrimi-
nated first followed by the polarization state. In theory,
the two DOFs are equivalent and the order can be re-
versed. However, distinguishing polarization states first
will consume more resources due to the uncertainty of
spatial modes. It is interesting to compare our schemes
with the previously proposed complete HBSA [46] and
complete HGSA [47] schemes. In both these two schemes,
the bit and phase information of the spatial-mode state
and the bit information of the polarization state are read
out using QNDs. After the analysis of the spatial-mode
state, the coherence of the spatial-mode state is no longer
maintained, i.e., the state collapses to a product state.
Therefore, the process should be paused to confirm the
photons’ spatial modes before discrimination of the po-
larization states. Otherwise, more QNDs should be pre-
pared in advance for all possible spatial-mode states be-
fore reading out the bit information of the polarization
state. However, in our schemes, the spatial-mode en-
7tanglement is kept intact after its analysis and is sub-
sequently used to assist in the discrimination of the po-
larization state. Compared with previous schemes, our
protocols thus have some distinctive features: (i) There
is no requirement to pause the process since our schemes
can be implemented in one-shot. (ii) The polarization
state is discriminated without resorting to any nonlin-
earities, which greatly reduces the requirement on non-
linear interactions. (iii) Although QNDs are used to read
out the phase information of spatial-mode states, which
looks similar to the previous protocols, only two potential
phase shifts need to be distinguished in our schemes as
opposed to four phase shifts in both the previous HBSA
and HGSA protocols. In conclusion, our schemes reduce
the number of nonlinearities required and save time and
quantum resources, making them simple and feasible in
practical applications.
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